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ABSTRACT 


In this thesis, we consider three classes of spaces. 
The first of these is the class of semimetric spaces, which are 
generalizations of metric spaces. The next two kinds of spaces 
we consider are symmetric spaces and semistratifiable spaces, 
which are non-first countable generalizations of semimetric 
spaces. Throughout this thesis, all spaces will be assumed to 
be T 


Ane unless the contrary is explicitly stated. Also, aut 


terms which are undefined, will be defined as aaa Wide 


Chappe meletordeyvOLeGn CO semimetric spaces. Section l 
provides some elementary results. In section 2, we give a use- 
ful characterization of semimetric spaces due to R. Heath. In 
section 3, we examine semimetric spaces to see to what extent 
various standard properties of metric spaces holds true an 
semimetric spaces. Chapter I in concluded with some results 


on countability properties of semimetric spaces. 


Symmetrizable and semistratifiable spaces are con- 
sidered in Chapter II. We give various properties and charac— 
terizations of symmetrizable and semistratifiable spaces. Much 
of our work on symmetrizable spaces relies on the work of A. 
Arkhangel'skii and much of our work on semistratifiable spaces 
relies on the work of G.D. Creede. In section 3, we compare 


symmetric and semistratifiable spaces. 


Having introduced semimetric, symmetric, and semi- 


stratifiable spaces in the first two chapters, in Chapter III, 
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(iv) 


we examine under what conditions a topological space is 
semimetrizable, developable, or metrizable. In particular, 
in section 1, four theorems are given, each of which give 
necessary and sufficient conditions for topological space to 
be semimetrizable, developable, or metrizable. In section 3, 
we prove that compact symmetrizable spaces are metrizable, a 
result due to A. Arkhangel'skii. In that section, we also 
show that compact semistratifiable spaces are metrizable. In 
section 4, we give necessary and sufficient conditions for 
semimetrizable, symmetrizable, or semistratifiable spaces to 
be developable. We conclude this thesis with two results, one 
on the developability of semimetric spaces, and the other on 


the metrizability of semimetric spaces. 
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LIST OF SYMBOLS 


The following symbols will be used in this thesis: 


SYMBOL MEANING 
S (x) sphere of radius r around 
x 
da ; ; 
S| (x) sphere of radius r with 


respect to the distance 


GunceLon “dy around “x 


C1 A closure of the set A in the 
Usual topology in) Buclidean 
n - space 
te the co! lection of open sets 


onaoset xX. 
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CHAPTER GI 


SEMIMETRIC SPACES 


Po INTRODUETION. A metric on a set X is a non-negative 


BUNCElCN @ Ge ek Nee BSacestyungutoreall €&X,yo7 and. z,er X + 


Ca) aise) OP sii x; = y, 


(ob) di(x,y) =-d(y,x) 


CMe Xo 2) meee nV.) ete CLC Y. 32) 


When provided with such a metric, xX is called a metric space. 
Every metric space has, of course, an associated topology, 


defined by requiring that the open spheres 
Om (Gera ety Rome: idi(x py.) Caimia., a xient0 


form a neighborhood base at each x € X. 


The topological spaces which are metrizable enjoy 
many interesting properties; to mention but two, every metri- 
zable space is first countable, and in a metrizable space, 
separability, second countability, and the Lindelof property 
are equivalent. It is reasonable to ask whether any of these 
properties will remain true in space admitting a "distance 
function" which satisfies some, but not all of the properties 
(Q)yeetD)eaeand (c)\mOfeasmetric we Tnesboldesis aLcenptestOmogenen— 
alize metric geometry in this way eliminates the most power- 


ful axiom, the triangle inequality property (c) . The result 
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is the theory of semimetric spaces and their associated topol— 


ogies. 


eee ri naewonr Let eX) besanyiset. A non-negative,function 


en GRE L Seo atdmtonbes@aisemimetric iff for all x;,y,<« 4 ; 


(a) d(x,y) 
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(b) d(x,y) d(y,x)  . 


The pair (X,d) is then a semimetric space, sometimes abbrevi- 
ated "X is a semimetric space" when usage of convention pro- 


vide ae. 


eee Examples. 
(a) Any metric space is, of course, a semimetric space. 
(b) We can equip the real line with the distance function 


bytes ni ve phe SBE Mas ip 


ol IS Ay pe 
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Easily, (R,d.) is a semimetric space; Of course, 
do iS not, in this case, a metric. 
(c) Again consider the real line, this time with the 


distance function 


n ee ges =e eee nC easy. a = 


for some ne N or vice versa, 


|x-y| otherwise. 
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Then (R,d,) is another example of a semimetric 


Space, and again, d is not a metric. 


iL 
(d) Now consider the real plane, R¢ , equipped with 
the distance function 
do(x,y) = |[x-y| + a(x,y) 
where |x-y| is the usual Euclidean distance in the 
plane and a(x,y) is the smallest non-negative 
angle (in radians) formed by the line which contains 
x and y andthe line y= 0. Hereafter, a(x,y) 
will refer to the function described in the previous 
sentence. Clearly d., is a semimetric which is not 
aumet. ic. 
(e) Again consider the real line, this time equipped 
with the distance function 
{ al. 
| x-y | wh x #y + = forneany elses 
d3(x,y) = 
il otherwise. 
Then d. is certainly a non-metric, semimetric 
Pune Crone 
Remark. Just as a metric can be used to define a topol- 


ogy on a set xX , SO Can a Semimetric. Basically, there are 


two methods to define a topology using a semimetric d_, 
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which are equivalent if d is ametric. They are 


(a) ear cma lLimi ta point eOLme Ar coe X® 1ff ~d(x,A) = 0 5 


and 


(mA ce Km omCLOSeCO iff foreall x7¢ A; a(k,A)c> 0 


1.4 Example. The two ways of assigning a topology using d 
as given in 1.3 are not necessarily equivalent in general. 


Define a Semimetric d. on the real line R as follows: 


| x-y | ie re (OmEOr TeX, VY £0 


d(x,y) = 
||xl-ly| | otherwise. 
Hetero eo t= Thenw A= cAvA. = [1,2 )u[=-27-1) <n Q by 
1.3 (a) and A = AvA' = [1,2]u[-2,-1] , again by (a). Thus 


Wweefindsthat. describing a topology by limit points leads to 
a contradiction, while assigning a topology by a semimetric 
d using closed sets as in)1.3 (b), clearly always  leads*to 
arvalicgutopology.. Thesertore, el] .38(a) Fand#1. Seb) Bare. not 
equivalent; in fact 1.3 (a) may not always yield a valid 


topology. 


Developments thus raise the question "when does 
assignment of a topology using 1.3 (a) yield a valid topology?", 


to which we now turn our attention. 
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45 Remark. The real line with the topology generated by 
using the semimetric function d described in 1.4 and assign- 
ing closed sets using 1.3 (b) will be referred to throughout 


this thesis as the Cairns space. 


1.6 Lemma [D]. The assignment to each subset Ac X a set 
Opel limimcee points. =ledds to a valid topology iff 

(a) “oY = > 

(pee h uy) ee AUA" 

Ce) (AUB)' = A'uB' 
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1.7 Theorem [Bennet & Hall]. If d is a semimetric satisfy- 
ingetche following condition: * , then specifications of limit 


points using 1.3 (a) yields a valid topology. 


Aiea eh bieet Or tal bye k N , there exists a sequence 


{x} and a point x Gn xX such that 


lim a (xi, x*) = 0 and furthermore there is a 
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then there is a sequence {a(k)} in N_ such 


‘ k 4 
that eee A(X (Ky 1 P) = 0 


POOL: Clearly the assignment of limit points by any semi- 
metric function d satisfies a,c and d of 1.6. Assume 


frat d "satisfies * . Let Ac X and let p é« (At) A 
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sequence {x} in A’ such that lim d(x*,p) —- 0 eeoince 
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i Cee Deriniclon. A semimetric space (symmetric space) is an 
ordered triple (X,t,d) where X is a set, t a topology 
on X and da a semimetric, such that limit points (respec- 
tively, closed sets) in the topology are given by 1.3 (a) 


(respectively, 1.3 (b)). 


The Cairns space considered in 1.4 shows that a 
symmetric space is not necessarily a semimetric space. But 
certainly every semimetric space is a symmetric space. The 
question then arises, "When is a symmetric space a semimetric 
Space?". One criterion (Bennet & Hall) is given in the next 


theorems» Another will be given in 2.3. 


1.9 Theorem [B&H]. If (X,t,d) is a symmetric space and d 


satisfies 1.7, then (X,t,d) is a semimetric space. 
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2.  SEMIMETRIZABILITY. If we are given any topological space 





X , a natural question is "Under what conditions does there 
exist a semimetric d on X such that the topology can be 
recovered using d?". In this section, two necessary and 

sufficient conditions will be given for a topological space 
X to be a semimetrizable space. The first condition is due 


to Heath, the second is due to Pareek. 


2.1 Lemma. If xX is a semimetric space, then the interior 
Of a Sphere Of radius © around a point x has nonempty 
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Clearly then d is a semimetric function. It remains to 
show that the topology generated by d is the same as the 
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3. PROPERTIES OF SEMIMETRIC SPACES. In this section, 





various properties of metric spaces will be examined to see if 
they hold true in semimetric spaces. In general, as expected, 
we find that those properties of metric spaces which depend 
upon the triangle inequality no longer necessarily hold true 
in semimetric spaces, while those properties of metric spaces 


which do not depend upon the triangle inequality do remain true. 


3.1 Example. It is well-known that every metric space is 
normal; unfortunately, the same thing is not true in semimetric 
spaces. In fact, very little can be said about the separability 


of semimetric spaces other than every semimetric space if Ty 


(a) A Ty , non - Ty semimetric space. Example 1.2 (b). 


Genk yee ell sepa, = T. semimetric space. Example 1.2 (c). 
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cannot be separated from 0 by disjoint open sets. 


(Cc) mA T3 , non - Ty semimetric space. Example 1.2 (d). 
Regularity is clear. Non-normality follows from 


Lemma 15.2 in [W]. 


An interesting open question is "Is every T3 semi- 


metric space a T 33, semimetric space?". 


In a metric space, every sphere is an open set. The 
guestion then arises as to whether or not every semimetric space 
can be resymitrized so that every sphere is open. The following 


theorm of Heath answers the question in the negative. 
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3.2 Theorem [Hea,]. There exists a regular semimetrizable 
Space for which there is no compatible semimetric such that 


all spheres are open. 


Proort. Let xX = RXR with a basis made up of 
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space. 
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Let M,/M5,--- be semimetrizable spaces with 
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4. THE COUNTABILITY PROPERTIES IN SEMIMETRIC SPACES. rise 
metric space X , it is well-known that the following are 


equivalent: 


(a) xX is second countable 
(b) xX is Lindelof 


(c) X is separable. 


The question then naturally arises as to whether or not this 
is true in a semimetric space. The answer, unfortunately, is 


no, as the following two examples show. 


Amieeixanple. The space, X ‘considered in 1.2 (dy) =a san exam— 
ple of a T3 , separable non-Lindelof (therefore non-second 
countable) semimetric space. That xX is non-Lindelof follows 
since any vertical line has the discrete topology and sthene— 
fore, by 15.2 in [W], X is non-normal. Then xX is non- 
Lindelof since any regular, Lindelof space is normal. The 
other properties are clear. Therefore, a separable semimetric 


space is not necessarily either Lindelof or second countable. 


4.2 Example. The following space 1s an example of a Lindelor, 
separable, non-second countable space. Consider the real line 


equipped with the semimetric d defined as follows: 
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Then if A, aly : y =x + = foresome nie Zeer fatlocal 


Gwe was. Miche pteeis cleanly 


base at xe x is G(X) aS a é 


Pindelorwanduseparable. @The*fact#thatex Vis “not’second coun- 
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Contain ae Most two terms. 


We know that in any space, second countable implies 
Lindelof and separable. The following theorem gives the equiva- 
lence stated in the introduction to this section as it applies 


to semimetric spaces. 


4.3 Theorem. A Lindelof semimetric space is separable. 


Proof. kLet U; = xX, U g, (x) where g; (x) is the function 
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We therefore have the following diagram in any semi- 


metric space: 
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with none of the implications necessarily reversible. 
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A Cee eDec win Lc LOn. A collection B of (not necessarily open) 
Subsets of X is said to be a network for the topology on X 
iff given any point p and any open set U containing p _, 
Pieter oreme arotsmdmm i ee h sSUCT @tnate soe 1) Uae NeewOoLk 
is said to be a countable network iff it has countably many 
elements. X 1s Quasi second countable iff xX has a countable 
network. A network is said to be o-discrete iff it is the 
countable union of discrete collections of subsets of X . (A 
Covlection 1S "Ol ssets in X18 discrete Lit ecach point” of XxX 


has a neighborhood meeting at most one element of P .) 


4.5 Remark. Certainly the concept of countable network is 
weaker than that of second countable. The questions that 
arises as to what relationships exist among the properties: 

(a) xX has a countable network, 

(5 )eeeeestsulindeloi, sand 

(jm en  Smescparaplve. 


The following theorem generalizes the fact that in 


any space, second countable implies separable and Lindelof. 


4.6 Theorem. If a semimetric space xX has a countable net- 


work, then X is Lindeléf (and thus X is separable). 


Proof. Essentially the same as 16.11 of [W]. 
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4.7 Example. The space considered in 1.2 (d) is an example 
of a regular, separable, non-Lindelof (therefore non-quasi 
second countable) semimetric space. We therefore have the 
same diagram as was given in 4.3 if we substitute quasi second 
countable, for second countable. 


4.8 Definition. A cosmic space is a T space with a counta- 


3 
ble network. It has been shown [Mi] that xX is a cosmic 
Space iff xX is the continuous, image of a separable metric 
Space. An interesting question that has been open for several 
years is "Is every T3 , Lindelof, semimetric space a cosmic 


Space?". It will be the purpose of the next few sections to 


give a partial solution to this guestion. 


4.9 Remark. One might suspect that a first countable, T3 
Lindelof space is cosmic, but the Sorgenfrey line provides an 
easy counterexample. For any first countable cosmic space is 
semimetrizable [Hea, ] and the Sorgenfrey line is not semimetri- 


zable. 


4.10 Conjecture. The following space, if Lindelof provides 
an example of a To , Lindelof, semimetric space which does not 


have a o-discrete network. 


Let the space X be the real line with a basis at 
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4.11 Theorem [Ber]. Assuming the continuum hypothesis and the 
axiom of choice, there exists a T3 5 Lindelof semimetric space 


which does not have a countable network. 


Proof. The following lemma will be essential in the proof of 


the main theorem. 
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exists xox. teeD a such’ that + y¥7e c=maxis, 1j996 yor" Bet mand 


ry, 8 
EY (x) = Xe 7 o1nce iat not, fy is a one-to-one correspon- 
dence between {x, -eEt max (00 0)) aeand {x ot <) max'( 8, a) a 


which is a contradiction since the cardinality of the first set 
is clearly greater than the cardinality of the second set. But 
then y < 6 is impossible since D <¢ V_ and by the definition 
aie NEF Xe < V implies there does not exist 4,Y < 6 such that 
£ (x) = Xe 1 since Xe Z Toate) ON KS Teles 5 ars ehh, | Seat B 
is impossible since x, « £0 (x,) , which is impossible since 
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XW r4 ult, (x la >> Crea ay eats 8} by the definition of V 
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£, (Xe) = X which is impossible since 8 > 98 
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Thee (V7 Dee can eOc constructed in the following 
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two properties are clearly satisfied by M 


Let d denote the usual Euclidean metric of IXxI . Define 
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Then clearly d generates a regular semimetric on M _, which 
. * . - 
will be denoted by M(d) . We will show that every uncounta- 
ble subset of M contains an accumulation point of itself, so 


that assuming the continuum hypothesis, M is Lindelof. Assume 
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tiererexists a subset. A™ Of M such that card A=" 2 ye etn 
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peut? Xo 
positive number 6 such that card AV =e 2 and | m,m) Ad 
implies a*(m,m') Cee NOW let (0, )mceA 2 SUCH Ghd eeLols 
each Euclidean disc D about (p,q) , card (SNA') = 2*0 a REA 
particular, consider the Euclidean disc S&S of radius . . Now 
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which is impossible by the lemma. Therefore, assuming the 
continuum hypothesis, M is Lindelof. It remains to show that 


M has no o-discrete network. Assume that it does, say 
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It is well known that the product of two Lindelof 
spaces may not be Lindelof, and that the product of two normal 
Spaces need not be normal. If we put more Pestilotiloncmonmcne 
two spaces by requiring both spaces to be semimetric spaces, 
does the last statement still hold true? A construction closely 


related to that found in the proof of 4.11 gives a negative 
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4.12 Theorem. Assuming the continuum hypothesis, there is a 
regular, Lindelo6f semimetric space X such that XxX is not 


normal (therefore not Lindelof). 
PYrOoL. hep be asain 4.112.) Derine @da° on) MAM = iby 
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1, otherwise, 


where d is the usual Euclidean metric in the plane. Then as 
in 4.11, we have a regular semimetric space which has no 

countable network. We note that this introduces the continuum 
hypothesis. Denote by M(d') M with EHeCe Cie CO DO VOC) auc 
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X denote.) M(d )) 2 and Let Xo denote M(d') . Let xX be 
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the free union [D] of Xy and X., rede, | Oe cS GL PAP So ee ea 
een, 2i with a base for the topology consisting of 

aie sues Opening 5X29, 1% The. ethentecleayliy aa Xeees 
a regular, Lindelof space which has no countable network. We 
will show XxX is not normal by producing an uncountable 
closed, relatively discrete set R (oy 915 o2e ine Wipes 
sufficient to show that XxX is not normal 

SAR ew (ly ez eee ne Mie seclear Ly, closed inl Axx and 
R certainly has cardinality os . it remains to prove that 


R is relatively discrete. Let z2¢«M. Let Sy denote the 
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CHAPTER II 


SYMMETRIZABLE AND SEMIMISTRATIFIABLE SPACES 


1.0 In the previous chapter, we considered a semimetric 
function as a weakening of a metric function and examined some 
of the characteristics of semimetric spaces. In this chapter, 
we shall examine two kinds of spaces that are weakenings of 
semimetric spaces. In the first, we will use a semimetric 
function d to determine a topology on a set X by requiring 
SESc eA COM beEClosedai1itterorm alllemx. ¢lAWe dix, A) © 088-eihis 
Toein contrastmtonusingsassemimetriceaunction @d @tor determine 
a topology be defining a set of limitepoints: ~In° general; we 
Say in the first chapter that the former always leads to a 
vlid topology, while the second may not. In the second space 
we will consider in this chapter, we will examine what happens 
if we weaker Heath's characterization of semimetric spaces 
(Chapcerm i, 2.2) to requiring only the existence of functions 
Sy? eC ator n=l, 2,2... , suchethateches So Vowingenolds 


tata Lies 
Cie COrmcdale Exo emXy 1) G(X) elie) ay 
no 
(ay Ae 5, (Co) for all n implies Lee) Sy ee 
One obtains Heath's characterization of semimetric spaces from 


the above by replacing (1) with the condition that GAC) ee 


forms a local base at x and n g(x) Eo bp’ ae geen 
n 
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1.1 Remark. Recall that a symmetric space is an ordered 
triple @(xX;t,d)* where ©Xicis akset,  tima topology on= Ax, and 
d is a semimetric function, such that t is obtained from d 
@efiningma,subset Alot DXp) tosbeaclosedeitfiforgalinix gfAY, 


ctu A) a 2a 05% 


Pe In a metric space, every open sphere is an open set. 
When we weakened the requirements of the distance Funct lonm Dy 
eliminating the triangle inequality, we found that while the 
open sphere may not be an open Set, eit nontheless has nonempty 
interior. It is natural to ask then, if we weaken a semimetric 
Space to a symmetric space is the interior of an open sphere 


nonempty. Tne answer is no, as the following theorem shows. 


Theorem. There exists a Ty Gindelof symmetric space such 
that the interior of every open sphere around every point is 


empty. 


PrOOLe elicteex be the Cairns space of example 1.4 in Chapter I. 
* 

Let us denote (a,b) u (-b,-a) by (a,b) and [-b,-a] vu [a,b] 

by [a,bl* SE WeenoOte that ex LS separable since the rationals 


are clearly dense in X. 


Gis) We claim that an open set A in xX) Sisethescountabve 
union of disjoint open intervals, Il, - The proof is analogous 
to that given in 2.7 iin ~ ipysbeabelsy Be PAY iff there exists an 


open interval (a,b) such that tx,;yi'c< (a,b)cA. We show 
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that "~" is an equivalence relation on xX. If there exists 


x € A such that there exist {x }° 
n n=l 


in A such that me ex 
in the usual topology (i.e. x is not in any open interval), 
then d(x, 7X) > 0 which implies A is not closed, which is a 
ContuaciCrlonwse tess NOW easily shown that) “~" 91s an equiva= 
lence relation on A. The resulting equivalence classes are 
disjoint, open intervals. The fact that there can be only 
countably many follows since each interval must contain a 


rational number. Therefore, since R with the usual topology 


fomeindelror SOs, Xi. 


(ii) We claim that if F is a closed set with [a,b] cF, 
then feeble. ¢ F . Let x e [-b,-a] . Assume that x is 


rational (the argument is clearly similar if x is irrational). 


Busoeassume that x ¢9f . Then by (i), there exists m <« N), 
such that (-x,-1/m , =x;+tl1/m) ¢ F . But then there exists 
{p35 4 <c [a,b] such that p, CeOeelOleal meee nen 


a> (-x, 7-x) + 0 which implies d(x; +X) =40 which =imp ives? 


is not closed. 
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ti7y For each =x gx Let By beva collection ‘of sub= 
Setcorot X=, ‘wnere By is defined as follows: 
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BECOLSOLE(EV)meClearly: B iS 3a base for some topology on. <X 


ttceremains to show that B is a base for the given topology on 
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ends thesdefinition of closed sets,eald dimit. points, of-. E.. are 


Ofetattonality @) @ ws Theacardinality of, BH, ismclear, 


THESProor (Of the main theorem is now clear. Let 
Y ="X= {0}). It is easily shown that “Y “satisfies the condi- 


Eons Of sche, theorem. 


aS We have seen that the countable product of semimetric 
space was semimetric. The question naturally then arises as to 
whether or not the countable product of symmetric spaces is 


symmetric? The answer is yes, as the next theorem shows. 


Theorem. Let (X; 7d; ) bea symmetric space for all “1 <2 N .; 


Then I Xe is a symmetric space. 
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Proof. Derines =d) on 9X by “d(x7y) y= ) d; (xi ,y;)/2i > “Then 
at 
U. is open in xX implies that U = Dau Natal x II xy 


Where U; is open in X, 1 X € U implies xX, ¢€ U; for 


—27 2,0, which implies; “since SN Us lela) Pie FOr 
i= se eee ne “that d(x,U) >So 0 - MEOree xe Ue. 
Assume Onechne other handethate d(x Aes Umerotead: 
Feenet inewswee if A is not open, theneit A = T A, , Some 
eh 
As not open, then there exists X, € A; such that 
fe) fe) Oo 
d; (x5 VA; =e. CHOOSE x5 to be any element of A, Ant 
fe) fe) fe) 
i # 1, weelrnien== a(xyA) = 0+ where=*x>= (X) Xone ee Ky Pre ct) ee 
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Therefore each A; is open. The fact that there can be only 


finitely many A, # x; follows from the fact that we can assume 


that’ each d; is bounded by 1. Then given « , there exists 
eal: 
N such that i} eo eee cd sto me nr eUCieria 
i=N+1 
il ; ~ 
P= = 

n - Given x « A , choose Ne (X]Xo1r---) where Xi € A. 
iO Gee le mele, 2), eee Th and xX; € A; for i> n (we can assume 
that A; F XxX foreany, 1°) 2s Then) clearly, Y ae rorea li 
n and d(y +x) < x £Oorn.ally Sne, witch implitesmcthat. -d(x,A)@—) 0, 
eecOoneLadiction. 
1.4 In metric and semimetric space, we saw the distance func- 
tion was invariant with regard to subspaces. In general, in 


symmetric spaces this will no longer hold true. However, in 
symmetric spaces, we will find that the distance function is 


invariant with regard to open or closed subspaces. 


Theorem. If (X,d) is a symmetric space, then the distance 
function is invariant with respect to open or closed subspaces 
GLa eel Je. the restriction “ofthe <i stance function, to tee 


Subspace will yield the subspace topology. 


Drool ODV LOUS:. 


In the past, there has been much work on finding out 
which spaces have a metric generating their topology. In Chapter 
I, two characterizations of semimetric spaces were given which 


depend only upon knowing their topology. The question 
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then arises as to which spaces are symmetrizable, given only 
their topology. Unfortunately, not too much is known in this 
area. In 1.7, the major theorem in this area will be given, 


but first we introduce several concepts. 


iB As Definition. Consider a collection 2 of subsets of 
cOteal exe CaeXteisSuCh thaty xGckT Bforwalic iW Tt. and all 
finite intersections of elements from T, are Briar Ty Define 
a topology on xX using Tg DY= saPicexeen saeclosedtniitt for all 

Xe 7oParathneres.ecxists¥ Tle oe suchethat. Toa P = > . 


i cre is called a weak base for the topology and 
xeX 


members of We are called weak neighborhoods. A topological 
SelcCeme nm sesaldslOusactisry, thesweak first axiom Or vcounta= 
bility (briefly, the gf»  axiomsofscountability).iff its 
topology can be given by a weak base TA = ile ox <exi Gay 


where each a is countable. 


1.6 Example. Certainly any base is a weak base, but the 
converse is not necessarily: true. In fact if Te Lee then 
Int T = >? is possible as the following example shows. Let 
eel) erie a cat) pam DNaAt eS, Xen Cicountab hyamany, 
columns of natural numbers. Define Uc X to be open iff U 
contains all but a finite number of elements in each column. 
Then a weak base for the topology at (m,n) e€ X can clearly 
be given by g,, (m,n) P| (iain Up GR a) Gtk to ah Se rea or 


j > nt+k} . Then certainly the g, (m,n) are not open. Also, 





‘ ® 

gino aevie .sldewicdonmtye sis 200nde ripidw oo ée see kaa 

ett? ot awondt 2i dovum ood tor \ylegsdyotau§ .ysoleqas Sakae ea 
,fevep od [fiw sexe 2tds nt mexeeds sz0oftem ant , lil 82) sea io 


atyeones Istavse sovhotial sw emake gee 





- 

¢ 
to ekieedue to yr nots~oll[os s tsbrenoD .noliziniist 2.i 
[is bas me 7 fke zx0% T » x Beds dove xX +s x Iie aan 

@» 
saiisad . ,T mi Si6 ¢ tinx2 etnemgis tp sehoiszosayednt SSinse 
fils xoi iti, besaols ar & G yd .?° pare 4 a0 Ypolago? & 
¢ | T Vedi Aove YY = 2 -edelnus Sied? , © 4 x 
bas YPolod i$ tot sead Asew 6 Selfeo eat Lt} E. _# ~~ 
a> 4 

{sortpoloucs A, . BOOK IOUN OL Su ABow bea ties Sib 5" 10 6 todo : 
“BAMHOS AO MOTKS JHx1Li Assw sit Ytettss of Bise et K% Semee 

esi 222% (yoiltdsynuo> Io motes tp. edt ,vlteéad) yailid 


, xan: yee = a2 sesd 269W & YU fevip sd meso yeologed ; 
sidsinuos ei Jf dose stedw 
atid gud ,seéd Xeew c ei sesd vas yintlesisD - siaaaxs @.f 
Heads , Pe >T 264 256t al -.suwus vYlixrzseasscen Jon BL 92 tavaoo 
a6 .awonte siumxs pniwolloit edi e5 sldteaog ei + =a gal a) 
Wem yivssnuco 5: X \2t gent . {Ws cyt | (Eh) do 
By SAE noe 94 02 % 2 U sabted ,essdmtn Lewes to ape 
at al 7 ae a a 
= a. fi i S ’ 





this space is certainly an example of a space which is gf - 
Comneavueroutenotet i rst countable. mine tact, that, =x 81s gi = 
Countable as clear. To show that “xX is not first countable, 


aesimenthateit eis say. bo. (m,n) “is a base at (m,n) = Then 


re | 
choose U to be a set which does not contain 1 element contained 
Miuechicmek th wecolunnot g,, (m,n) "eithen@U es clearly topens and 


there does not exist k such that b, (m,n) Se Ory, 


ie eee leOren). TEX 91S a "Oo — discrete space, then §X ~is 


gf - countable iff xX is symmetrizable. 


Proof. By letting Ts) = Sy Tf. Xo else symmetrizapee, 


the fact that xX is gf - countable is clear. 


Assume then that X is gf ~- countable. We may assume 
that the members, QQ, (x) , of each system T, are decreasing. 


By hypothesis, the network can be put ase Geet mesepee (yee fie ae) 
neN 
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to show that d is compatible with the topology on xX. 


Let x ¢« X-P , where P is a closed subset of X 
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i a 
N > = ses feat 
(x,y) > n and d(x,y) Soy om ee 
Thus, a o - discrete space which is gf - countable is symmetri- 
zable. 
16) Remark. Not every symmetric space has a o - discrete 


network, as I.4.10 shows. This answers a question of Arkhangel' 


skii raised in [A]. 


ise) In this and the next few sections, several of the proper- 


ties of symmetric spaces will be examined. 


In [A], Arkhangel'skii introduced the definition of 
the gf - axiom of countability, by asserting, without proof 


tiated topological space xX satisfies the first axiom of 


noe 
countability iff xX is Frechet-Urhyson and satisfies the gf - 
axiom of countability. The following two examples show that 


complete regularity is necessary. 


(a) The example considered in 1.6. 


(b) The space obtained from the real line by identifying 
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Ciempoints Him! * and {=} Teeth s Sspacemusiclearly 
x 
0 tne let, we saw that the symmetric is invariant with 
respect to open or closed subspaces. If we consider the example 
of the space given in 1.6 and construct a symmetric on xX by 
means of the construction of 1.7, then we find that xX has a 


symmetric function d defined by 


0 ee on = mfiand 2 nl = me 
ci Guin) Sams iss) 1) ais 7£0 wem'Fle orvvice) versa 
ae, otherwise. 


Then if we take the subspace consisting of every fifth column, 
we arrive at a subspace whose topology is not generated by the 


above semimetric function. 


Waal  ipefinition. EVCTViind pam Dee Xe Vem WhST Clap) isa 
metric space and Y any set induces a quotient distance ad 


defined by 
Sire = ih = 
d(x,y) = inf NCS Cabs (y)) 4 e 


We write d= p/i . 


It is often of interest to know under what Car Cum 
stances the topology induced by d agrees with the quotient 


topology. in the next tew sections, we answer that question. 
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ies 2.8 Definie ion. fo Xe oeyY Sisecal lied! a 7) -Pmapping: iff x 
is a metric space, f is onto, and for all y « Y and for all 


neighborhoods Ny OLY <<, a(é7*(y) .X-£°" (N,) Pail 


1.13 Theorem [A]. For the quotient distance d= b/ ie Lo 
induce the quotient topology y = x/f , it is necessary and 
SUbEI Cente that — fs) x X/f be a 7 - mapping with respect to 


the metric p. 


Proof. We must show that °U\ is open iff d(y,U) zeaO meet Ole aL 1 
vere Umer eeput thisetiollows readily from the fact that we are 
given 

: = ih 
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1.15 Theorem [A]. The topology induced by a quotient, 9 = maps 


ping of a metric space is first countable iff f is a pseudo- 


open map. 


Ehelele ne We claim the interior of the spheres around each 


point form a base at each point. If we are given 


Of 












a4, 
+. code ” f 


K-22 @piqguan -— 1 & bellsen sf oP sek: 
= 
Lig 1923 ott » Itsy vot bes ,ehto ab 2 ,so8qe UITRRE Rae 
/ a 
f = 7 7 
) (4) 4 )“ Ho , ¥Y 20 yt aboodtedipien — a 
‘ 7 7 F _ - 
or; WG = Bb Suateth Jralidoup silt 20% [A] msitecd® sSiat 
7 
16 YiILeayooN = ; peleyos jtneijoup eng sowbat 
oF J3a 5m - e 2\i % : > 2503 Jeetoraaee 
« ob wen ode 
a iyNa zi Ngeco a J uz Worle saum oW , 100729 
4% 3\ | mod 7 rd I a ‘ ra we . UF a 
a VI fr 7 P= ft ‘ | { 3h] = I ty (£) 
DiLé (Un T-*, 44)” 2) ° GER) 
L%) x) jg! tak = ( ¥ev)e (eee) 
ebay 4 t ro ei ¥ =} bs 1 UOUTL Ea 7G" &  Sotssucied él. 
» '” 2 26 U8 Shwettoddnron Lis Bas Y¥ »o y ‘ke wot 2828 te 


ot — Pht. efidesmuoo dents mi 


7 


7 


- 7 _ 
a 


= Loe - 


- 
SS 


© /apeidoip 6 et besubii Yoologes ont 







; 7 
(V3 Sal owee: 


7 
7 


+ (A) ito memaee Teas 
= ae 









ied 7 


vee GY AYRES =} a ity Woke (ey ET a) =} 


al 


d 
Sin) 
then U 


thee p(£ > (y) ,x) < =} Usp aeneitghnboornoodson et ily) 


and since f is pseudo-open, y e« Int f(U) Celok So jn (¥) 2 


CONVErsely, Given open V acontaining y « Y 9, there 


exists Ure "xX ‘such that et ¢y) =U. Which implies for some 
p os eh 

ia? Os oa nt *) CLUS where Mi (x)= yaew When Shiga lee eae. 

2.0 In the previous section, we considered what happens if 


we weaken a semimetric space to symmetric space by using d _, 
the distance function to define closed sets, instead of limit 
points. In this section we consider what happens if we weaken 
the requirement that g, (x) formeanbase atu x sin Heach s 
characterization of semimetric spaces (I,2.2) to merely requir- 


ing that the g(x) be open. 


Ze ee Detini tion. A topological space -X is said to be semi- 
Seratiriable iff for all U ¢« t_,. there exusts a. sequence of 
closed subsets of xX such that 
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then any space xX that fulfills conditions (a') and (b) is 


Called a Stratitiable space. 


We note that any countable T Spacemex Bl cedescmis 


1 
stratifiable space. For if X= {xy rXoreee5 and if U is open 
in’ x , then. U = ia ae where ky s ky < ky ELT “ho, 
betas Us. = {X, rX pee es Xy Uw Thenmsince. x —1S T) ; Un is 
al Zz n 
closed. 
That Ty is necessary is shown by the space 


Metta bP ewith 1 = i¢,lal;xX}) . 


Pasegp The next theorem is a characterization of semistratifi- 
able spaces due to Creede. This characterization is often 
very useful in deciding whether or not a given space is semi- 
stratifiable. It also relates the concepts of semimetric 


space and semistratifiable space. 
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Theorem [C,]- x is semistratifiable iff there exists tg. ty 
of functions from X > t such that 
(i) n g, (x) = Clix} fFOUCCALIS (Xen s 
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Gia y wy <c g, (x;) for all i implies (x; ) HCY 
Proof. For each ie N and x « X define 


g, (x) =X - (Lt) ee 


Then clearly g; (x) satisfies conditions (i) and (11) of the 
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theorem. Conversely, let tg. (x) I satisfy the conditions of 


the theorem. For each n and each open set U , define 


OSS U{g, (x) Kee XU eee 


Then the corresponding U > oe is a semistratialication Lor 


Xx e 


Zee COLOllary. A TT), space X is semimetrizable iff xX 


Ho wSemlstratitilable and first countable. 


In the next few sections, some of the basic proper- 
ties of semistratifiable spaces will be given. As would be 
expected, many of the properties enjoyed by semimetrizable 


space will be enjoyed by semistratifiable spaces. 


2.4.) Theorem [c,]. The countable product of semistratifiable 


spaces is semistratifiable. 


PLroot. Assumerwthat, for teach ==. —, Xs is a semistratifiable 
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space and {g,. is a sequence of functions satisfying 2.2. 
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Let X be the countable product of the xX; and denote the 
wth projection map Of x onto xX by Pa For each pair 


eye rand each x) 65x, define 
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x otherwise. 
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ande@eex ee Dhneneclearly the sequence (95 (x)} 5-4 Satisfies the 


conditions of 2.2 and therefore X is semistratifiable. 


Pas) As we saw in 1.4, symmetric spaces are not always pices 
with respect to subspaces. Semistratifiable spaces, however, 


enjoy pleasent subspace properties. 


Theorem [C1]. A semistratifiable space is hereditarily semi- 
Stratiufiable. 
Proof. The natural restriction of the semistratification for 


xetouany subspace, Y SX. 1S a Semistraticication for ¥ 


2 Omen ecOLen [C,].- Tf Y is a closed subspace of a semistrat-— 


ifiable space X , then there exists a semistratilication 


Whe Wie for X such that (vnY). = (V_nY) . 
n n n 
Proof. Resume elia ta W a. is any Semistraticication) for 9x 
ancmtehatw U0 Ds is any semistratification for Y . Then let 
Vee VAY) Ww i ANEN®) . The correspondence V ~ V is a semi- 
n n n n 


stratification satisfying the conclusion of the theorem. 


2.7 Theorem [C,]- The union of two closed (in the union) 


semistratifiable spaces is semistratifiable. 


2.8 Definition. A topological space X Ry isielalel ele) hae 15 


screenable iff every open cover has a oO — discrete closed 


refinement which covers the space. 
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2.0. ‘theonemn [C,].- A semistratifiable space if F, 7 screen- 
able. 

Proof.i) Let Us De be a semistratification for xX . Assume 
thatr wn Oe 4g: cle A} is an open cover and let A be well- 


ordered. Define 


ibe eer) 
and 
Hey 2g pe ut0,:BeA, B<al fagye (ey > ih 
Tien tori alli in Se) Nie, define 
H = AN hoe hae 
n aQ,n 


Then clearly Neg TeowaAwarscrece collection cL closed, sets, and 


by the well-ordering of A, fie es COVELS = Xue 
n 


2.10 Theorem [C,].- The closed, continuous image of a semi- 


stratifiable space is semistratifiable. 
Proot. Obvious. 


Quite frequently, it is of interest to know whether 
OrenoOL asgivenm topological space 1s Lindeélof. We will conclude 
this chapter with an equivalence relationship in semistratifi- 
able spaces between Lindelof, hereditarily separable, and X77 


compact spaces. 
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2.11 Theorem [c,]. In a semistratifiable T suace, ty, che 


ah 
following are equivalent: 


Gp ieee rom nindelor 
(2) X is hereditarily separable 


(3) X is \§, - compact. 


Proof. (1) —— > (2). Assume xX is a Semistratifiable, 
Lindelof T, Space. Tes surcictent co prove: that =X is 
separable since a Lindelof space in which open sets are F, 
is hereditarily Lindel6f. (Since every open set is the counta- 
ble union of closed sets and closed sets of Lindelof spaces are 
Lindeléf, every open subset of a Lindeléf space is Lindelof, 
which implies that every subset of a Lindelof space is Lindelof.) 
Assume that tg, (x) } is,apsequencevot functions satisfyangerhe 


Conditions Of 212) Bzorweachi nige tg, (x) seooneexXtdasban open 


Coven che <e,yeandgmsincers si ars Lindebofy there exustsralcountas 


ble set D, such that tg, (x) ix’ 4 D;} is an open cover. 
Pacne Dee UD | is a countable dense subset of X 
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and E has no accumulation point, then E is discrete ine cne 
subset topology, which implies E is not separable (in the 
subset topology), a contradiction to the factetinateiX%, i1Sehercd> 


itarily separable. 
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semistratifiable space. Assume that G is an open cover of 
X which has no countable subcover. By 2.9, G has a closed 
refinement H = bd eth , where each H, is a discrete collec- 
tion of subsets of xX . Since G has no countable subcover, 
there exists an n_- such that Hn is countable. Then if xX’ 
is a subset of X consisting of exactly one point from each 
nonempty element of i ethene ee es euncountable and@nas#no 


accumulation point. 


Sat) In this chapter, we have examined two kinds of spaces 
that are both weaker than semimetric spaces. Developments 
thus raise the question, "Wnat is the relationship between 
semistratifiable spaces and symmetrizable spaces?". ie | 

is first countable, then clearly symmetrizable <=> semistrat- 
ifiable. We will see that in general, a symmetrizable space 
need not be a semistratifiable space and that semistratiaftiable 


space need not be a symmetrizable space. 


3.1 Example. The Cairns space, X _, considered in I 1.4 is 
an example of a symmetrizable space that is not semistrati- 


fiable. We need only show X, is not semistratifiable. 


Assume, then, that xX is semistratifiable. Consider 
the open set (-2,-1) uv (1,2) ~ Ey, where E is any set of 
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rational points whose only accumulation point 1S ~- ane Then 


there must exist some Un in the semistratification of X 
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Therefore Us is’ not closed, a contradiction. 
on 2) “Example. There exists a countable semistratifiable 


Space "xX “which vs not symmetrizabte- Let soem bera- copy: OL 

ie Omewitnecthnesusualy LopOLogy. Let ex be the disjoint union 

of the X, with the pointe 410 Seehrom@eadch ss xe identified. 

Then there does not exist a semimetric function d generating 

the topology. For if there were one, clearly C1007 Xe 0d) = 0 

forvalie nn , which implies that the set vu Ou =) _Sano tao pen 
n 


Tia eee COMtLYaAd1CE1LON. 


BES The only result I have been able to abba in thesdi recs 
tion of examining the relationsnip between symmetric and semistra- 
tifiable spaces is the following theorem. 

Theorem. ire Ste Ty , 0 - discrete Frechet-Uryhson, semi- 
stratifiable space with a function g : N*x * t satistying mene 
conditions of 11, 2.2 and the further CONCH Elon tide myer gs) 


implies x &€ g, ly) , then X is symmetrizable. 


Proof. ie Dewia whe Be) CiPeemmenkshe ee show that 2° has ascCuneas 
ble weak base for the topology. Let Ny = {g,, (x) } . We claim 
chat) 7. is a countable weak base at xX. Countability is 


clear. Remains to show that T, is a weak base. Let t° he 
the topology generated using Ty SeRTHen clearly sb oc 


Assume then that G is t open. To prove that ~G ist: 
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onomeRemar Ks It is still an open question what the precise 
relationship between semistratifiable spaces and symmetrizable 


spaces is. 
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CHAPTER III 


DEVELOPABILITY AND METRIZABILITY OF SEMIMETRIC, 


SYMMETRIC, AND SEMISTRATIFIABLE SPACES 


eee LNT RODUCTION. Tn this chapter the concept of developable 
spaces is introduced. It will be shown that the class of 
developable spaces lies between the class of semimetric Spaces 
enowtne class of metric Spaces. “In Section 2, tour theorems 

are given which give necessary and sufficient conditions FOr a 
given topological space X to be semimetrizable, developable, 
or metrizable. In section 3, an interesting theorem of Arkhan- 
gel'skii which states that every compact, symmetric space is 
metrizable is given. In section 4, developability of semimetric 
symmetric, and semistratifiable spaces is examined. We conclude 
the thesis with two theorems on the developability and metriza- 
DulblcyeOfesemimetric Spaces in terms of Condi elons,en, cue 


original topology. 


iepleeDerinati.Ol. A topological space (X,t) is developable 
iff there exists a sequence (Une of open covers of xX 
such that U, refines U,_, and for ULI: ye te 

{st (x,U,) Deri ele pees is a neighborhood base ee 9 
Equivalently, X is developable iff there exists a, sequence 
of open coverings Le siblels) elofeie, Ibe fe aa WU ee ebay Gelghehet 


existSeanueis such. that st(X,G_) <¢ U. A Moore Space is a 
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T3 , developable space. 


1.2 Theorem. Every developable space has a semimetric with 


respect to which all spherical neighborhoods are open. 


Proof: Rew {G.} bea development ror xX . Derine das 


follows: 
ae 1 
SS a) (SS saan be eg andes 62g srLOl seOMemn g re Cm 


Then the properties of d are clear. 


eo LoSCOLen. Every metric space X is developable. 
PTOOL. Let U. DemLHeECOVeE Ole eK Dy. Lie = spheres 
eroundmeacn point x cex™. Then clearly x is developable. 


1.4 Example [Mc]. There exists a regular semimetric space 
which is not a Moore space. Let X be the space given in the 
PLOC@Ot el ass Zee TnCn, Xai Sao regular semimetric space, and by 
I.3.2 andl’ je hie ls MOL developable: | 
| 

Re In this section, we consider four theorems, each Of which 
give necessary and sufficient conditions for a given space to 
be semimetrizable, developable, or metrizgable. —liewuirste 
theorem will give the conditions in terms OlLedeod stances. unc= 
tion d=, the second and third in terms Cteds tune pon 
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spaces, I. 2.2), and the fourth in terms of the topology on 


Tnemspace. 


2. le) theorems: In [Hea,], Heath quoted [A&N] 


(5) A T. space X is developable iff there exists a 


Ssemimetnricmunction a »such that whenever 


lim d(x 7P) = lim d(y,7P) = 0, 
then 
lim d(x +Y,) = 0 
(is) ape T Space % 1s Metrizable itt there exists a 


semimetric da for xX such that whenever 


Waa d(x, +P) = lim cur van) = 07; 
then 
lim d(y.1P) = 0 
2.2 Theorem [Hea,].- Consider the following three conditions 
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tnate “y ¢ g(x) : 


Then the following holds true: 


(a) X “is Semimetric iff there exists a’ g satisfying 


Condve1onm 1): 


(DymEXY is developable Miffethere existsta | *gtssatisfying 


eonditions (1) and) (22). 
(cles metrizable iff theresexists)a fUNCCLOneseG 
Sacichyange conditions |); mGL!) sand (sions) 
PLOOE. Parva hiisas Juste Theorene2.2 Of Chapter 1. 
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Necessity. Assume that G1 1Gorees is a development for 
kee Tnenmaerine: g : NXX > £  anductively as follows: 
gy (x) = any member of G, whieh contains x 
gs) = any member of cx such that 


x re G(s) Ss J 4-1 '*) ame ies thls 


Menge leawly Gmmsatlsiies conditions a); and g(a) = 


Parta(c)weNecessity ts clear. ‘Let g be detined 


as follows: 
J, (*) = Se P 


Sufficiency. Assume that g is a function satisfying 
conditions (i), (ii), and (iii). For each natural number n=, 


define 


G(x) = tg, (x) 2k Pee Xap rand) bn, 


Assuming that X is not metrizable, there exist two points 
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(ac ene cen (XR) ee Pe wesince = xX 1 Sear )) by Moore "s Metrizas 
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tion Theorem. Therefore there exists a point p, a region 
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eer) € g, 'P) peso pathat, soy «condition Gini) We hee Tee ay? 
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there exists a subsequence r of m=, such that for each natur-- 
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a contradiction. Therefore xX must be metrizable. 


2.3 Theorem [Hea]. eit [Hea,], a somewhat different version 
One OD mice given... Considcr a function, g <LNX<xX > Cand 


the following condition on g 


(in')) dt y= Re t and x” is a point sequence such 
thatmeormeach in™, ty 4 J, (s)) and there is a k 
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Theorem [Hea,].- Tt there exists a function 9G) satisryings( 2) 
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is a Moore space. 
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ea The next theorem is one of the earliest results in 
distinguishing between semimetrizable, developable, and metri- 
zable spaces. This theorem is somewhat Sim lAretone. oy pantice 
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Consider now the following conditions A,B , and C 
on a sequence Bites of collections of subsets of a topological 


space X 


A. (a) s£Omecach ga ; Hj is a collection of open subsets 


Ob XT, 


(b)s lta Dmels eo 1pOinteandg el is an open set containing 
Dp sthnen there exists an integer n such that H, 
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with ppesuchethatyep wer (p)s oQU (cf. the function 


Gu NeNexet forthe 242) 7 
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(Ge For each) 2» , the sum of closures of any subcollection of 


Hy is closed. 


Theorem [Mc,]. 


(a5) Arcopological space |X is semimetric if x 


Saplsties COonaition. A. 


(Gilet) A topological space X is developable iff xX 


Satisfies conditions A and B. 


Gis) A T 3 topological space X is metrizable abut 
XeSa cist lec Condl GlOnce An) Sem pals aC. 
Proof. 
Part (1)4 Proof of this part is very similar to that 


of I 2.2, but we give it for the sake of completeness. First 
sufficiency will be shown. Define a Semimecrice LunCULOn. Wa 
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thence Learlva. dam 1s ansemimetriacetunction, for, 4 x 
Dig a) monCm Oo mOrcmCONCLtLONeA, max BlSaricst countable.» It 
remains to show that limie points are unique. Assume that p 
teomcel iM ce polntjote Micsexesinatheagiven topology, sifispepas 
not a distance limit point of M , then there exists a sequence 
of points ip,;} of M- {p} converging to p and an ne N 
such that d(p,p,;) > ~ for all i. -Therefore there exists 
Mewes Neesuch anat eLcnere™ (1) Dy v4 Jn (P) € H_, ‘P) Ore edi) 
p ¢ Jn (P34) € H_, (P) fOreintinitery Many VaLuesmote= 175 =by =the 
COnstsuct10n) Ofed =e bul Since Deeg (24 (i) is impossible, 
SrCmclL mei SmimpOossitple bym(Cc) Ofecondition As «sy the construc— 
Gronmor Td sandm@(b)) of scondition A, itt readily follows that if 
DM Seams tances(amlcepointeot Ms, @then. 9p) is an open set 
limit point of M-.~— Therefore limit points are invariant with 


Gespecre toi d . 


Necescl ty Liam cece and ah, Kies Ne wmeceno Ce by Ry , (P) 
a 


and open set, when it exists, such that Sy py (P) > Ry, (P) > 


Sy, (P) . Let Gyo = {RAK (P) 7 premxX} ae Theresis -daone—one 
correspondence between NxN and N , say by f£ . Define 
oe Ge (hk) . Then clearly tH, J satisfies condition A. 


Parts (1a )% Surticiency.) TetesGle==) UMi ge p) Me gap) se 
1 ghteak J J 


H.} . Then {G,} jiswaldevelopmenterot x eh eSOLDmLOCE re Hine. 


ment property and the base property is clear. 





. % wet ncisoad aixzemines 6 BE pb Yhasels. sont ae z 


: 
%zi .sideineen Berri <i X* ,A m@z9sGR09 Bo. Ca) bas (») ye 


_ 


Gq 2685 2iveeh auplau s1s adnileoq stmrl Jers wide OF anisms. : 
M to tetog dimtkd sa. 


ie 


2t G 


ws 
4 
be 
-_ 
= 
ri 
f 
a i 
' 
=~ 
? 
ae 
« 
= 


“yo Loo. 
sunsupée 5s dirixe suedd gent . M 30 tadog gieal!l soneee ee oe 
¥) 1. me dnt g OF) puiprevegs (tyr = Mw ao tie noniog to 
> (9.976 sands foge | 


oh 


A 
eo 
& 
be 
Ld 
Cc 
f 
boat 
J 
bo 
G 
~~ 


roe) Lo Pan ia) Pp 4. 3G (x) isistis +442 foo, Fee 


3113 . YS 2 io S2ewdhV Yam Y~ieseniiat a2 V4) Ae E (9) 2 \ @ 


SAGISSiny a : irisq Sis 400 _. & To sobeseaseoee os 
“Suenos odd ‘4G tiibaos Jo (9). yl sidseequmy> we Clee eee 
tf gant ewoliot vlibsex 3: , A nefarbaoo 246 (4) Bae Bb Ze eee ; 

oe 


486 BQO os = { mca , M Yo srtoq dtmil soaevehh 6 i 
c3iw IH Ye. SLE = tan: , aan r.etoteiSc? 26 jniieg timer 
5 of to9qeeR 


; ee : 7 
iy 4 Ba stonsh vs xin Dab 2 » G DL  .ysbewagasi as ae 
; UD yg © Uli. .S Jett toe ,atetxe Je 1Stw , oe Beg a | 
SAo-sn> © ai erect : y a 7° ete iis a 6 : Wee 
. eC ie 
< a 7 


aria S ms yur Yé¢2 ‘ SA wr1G vis “ mswesod => (ELE 4a 1 . ; 
oA telitbnes esitetyee (| ,H}) Yitssto ner . 4 
2 é x ns aye? * ion 





Necessity. Assume that {G,} is a development for xX. 
Define a semimetric function on xX as was done in 1.2. Define 
{H, } aS was done in part (i) with the additional requirement 
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Throughout this section, every topological space will be 


assumed to be TS 3 
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then x has a countable neighborhood base. 
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PICOOr . Assume that x = n Gr , where the Go are decreas- 
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ing. Then by regularity, there exists, for Wns Peel EN ve 
such that x « V, and a c G,. Assume that U<«t and 
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n=1 n=1 n=1 n=1 
Dee HeOuel. A semistratifiable, compact space is metrizable. 
PEOOD. It suffices to show first countability since any dears te 


countable, semistratifiable space is semimetrizable. But this 
Vemeasy Sy tllew 2.2, any point x <x asic Gs subset of X 


By the preceding lemma, X omnes tc OUlta Le. 


3.4 Theorem [A]. A compact symmetrizable space X is) metriza- 
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Proof. It suffices to show that xX is first countable. We 
will show that any x« X isa Gs subset of xX.) Let 

x'e«X and let Y= Vee be a well-ordered covering of 

Meet ueyawoeLes. Xo oF V (y exists by the regularity of X). 
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4. In this section we will examine necessary and sufficient 


conditions for a topological space xX to be developable. The 


main theorem of this section is: For a Tychanoff space X , 


the following are equivalent: 


(a) 


(b) 


(c) 


(da) 
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is 


is 


is 


is 


is 


is 


developable, 

cee Dea space andunassa sO rs discrete network, 
a semimetrizable p - space, 

a symmetrizable p - space, 

a semistratifiable Dp = Space, 

a wA , semistratifiable space, and 


a quasicomplete semistratifiable space. 


The necessary definitions will be introduced in this section. 


Unless otherwise stated, in this section, every space will be 


assumed to be Tychonoff. 
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of its Hausdorff compactification. 
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ollary. 
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Proof. 


Clear. 
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4.8 Lemma [Bé&S]. A symmetrizable p - space X is semimetri- 
Zapble. 
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Proof. MOnsaAl Me swe Kee itech cleartthat ~{xi"-=iSia %G set 
Since X has a o - discrete network. By 4.6 and III. l.7, 


X 1s semimetrizable. 


4.10 Lemma [B&S]. A space with a development {ut has a 


Oo - discrete network. 


[Pigelenge As we saw before, a developable space is semimetriza- 

ble, therefore each u has a o- discrete closed refinement 
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4.11 Lemma [B&S]. A symmetrizable p - space is developable. 


Proof. X is semimetrizable by 4.8, so let d be a semimetric 
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define SFA fon be jan Open, cover of 0. such that Ba refines 


each U x < i 
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ates COLCOMUAL yee All A collectionwise normal p - space with 


a symmetric (or with a o - discrete network) is metrizable. 


BEoom A collectionwise normal, developable space is metriza- 
billet (Bay ° 
4.13 Definition. A T, space xX Tewsaidetompesduacia 


complete provided that there exists a sequence {BL} of open 
covers Om, % such Shat Git TAGE is a decreasing sequence of 
non-empty closed subsets of xX and if there exists an element 
XG for whlch for each nm , there is a bo € BH with 


A vu tx, } Soe: then n Na ae 


Zee Deting Clon. A T) Space) xX) sls) Said to be a= wAl- 
space iff there exists a sequence Be of open covers of X 
Suciaetha belt LAB is a decreasing sequence of nonempty closed 


subsets of xX and there exists XE LOGawhaen 


Ane St (x, BL) mepe Gls leh a, aeigtche) i A, x 
ALLS sRemank. Gértainlweaw wi space =isisa quasicomplete 
Space. 2slt 1s pstill an open question whether or not the reverse 


implication holds true. 


4.16 Lemma [C,]- A topological space X is a Moore space 


if it is a quasicomplete semistratifiable space. 
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EEOO:. het ie be a sequence satisfying the conditions 

of 2.14 and let wa be a sequence of functions satisfying 
BnemeOncT eT OnSmOtme LL. 2 .2..°) Lie «xe xX, let bs) be some 

member of BY fs) containing x . We define a functions 


GeseN-Ne = t ahnductively as follows: 


J, (x) = some open set containing x _ such that 


g, (x) c b, (x) n h, (x) 
Sn 1 '*) = some open set such that 


(x) (x) nh (x) 9 9, (x) 


Sn+1 "e Sn+1 geil 


PiecnmeGumrulerl ts ethe cond!tions Ota 2. 35 


A We are now in position to prove the theorem stated in 


the introduction to this section. 


Theorem. APAB AS Eabish -G\ T 3, ELOpological space, ~then thes tol 
oe a ae “Al 


lowing are equivalent: 
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(Gy Sai se aesemimetruzabil 68 "pe= "space, 

(d) xX is a symmetrizable p - space, 

(e) xX is a semistratifiable p - space, 

(f) xX is a wA - semistratifiable space, and 


(g) X is a quasicomplete Semistratiltitable Space. 
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Proot. 

(a) —> (b) By 4.10 xX has a oO- discrete network and 
since every developable space iS p - space, 
we are done. 

(b) —> (c) This was shown in 4.9. 

(c)ee—>5 (cd) SThissusaclear, 

(ad) —> (a) This was shown in 4.1l. 

(e) —> (c) This was shown in 4.7. 

(c) —> (e) This is clear. 

(a— (Gg) this asxclear. 

(g) —> (a) This was shown in ASG. 

(ee ei Cy Tnemfactathiat «eels semistratifiable is 
clear. 


That xX is a wd space follows readily from the definition 


of Moore spaces and wA_ spaces. 


4,138 “Corollary [Cc,].- A locally compact, T 5 semistratifi- 


able or symmetrizable space is a Moore space. 


Proof. A locally compact, Ty space is a p*- space; which 


follows from 19.2 of [W]. 
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52 In this section, we introduce the concepts of a POInt = 
countable base and a strongly complete semimetric space. 
Developability and metrizability of semimetrizable spaces will 


be discussed in terms of these concepts. 


Deri De fant Lon. A base B for a topological space xX is 
said to be point countable iff each point of the space belongs 


to only countably many elements Ofte: 


Soy. cn [Hea], Heath asserted, without proof, the following 


theorem: 


Theorem. A Ty semimetric space with a point-countable base 


is developable. 


SSE DeLinicion. A semimetric space X is said to be strongly 
complete iff there is a semimetric d for X with respect to 
which every nested sequence M)Mar--- of closed sets such 
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Sie. Theorem. [Hea,]. A strongly complete, regular semimetric 


space is a Moore space. 


Broo. Clearly a strongly complete, regular semimetric space 
satisfies the hypothesis of the last theorem. Therefore, xX 
has a basis which satisfies the hypothesis of theorem 2.3, and 


by the conclusion of that theorem, X is a Moore space. 


Sie An even stronger theorem than 5.5 gives 


Theorem. [Hea,]. A strongly complete, seperable, T3 y semimetric 


space X is metrizable. 
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